Abstract Linkage disequilibrium is the association between alleles in the allele distributions across linked loci and is intermediate in character between the dependence and the independence of allele distribution. This ambivalence makes linkage disequilibrium difficult to understand and to treat mathematically. To overcome this difficulty, an attempt was made to divide linkage disequilibrium between absolute linkage disequilibrium, which is a complete dependence of allele distribution, and linkage equilibrium, which is a complete independence. A matrix description of linkage disequilibrium showed that (1) linkage disequilibrium is divided between absolute linkage disequilibrium and linkage equilibrium, (2) a linkage disequilibrium state is characterized by the allele frequency in the first locus p, the relative content of absolute linkage disequilibrium d and the linkage equilibrium variable c, and (3) r is the geometric mean of both orientation's d. Division of linkage disequilibrium may make linkage disequilibrium straightforward to understand and to treat mathematically.
Linkage disequilibrium is a most important key to understand the genomic structure in populations and is applied to the analyses to search for disease loci, e.g., indirect case-control analysis (Lange 2002 ) and transmission disequilibrium test (Spielman et al. 1993) . Linkage disequilibrium is the association between alleles in the allele distributions across linked loci and is intermediate in character between the dependence and the independence of allele distribution. This ambivalence makes linkage disequilibrium difficult to understand and to treat mathematically. To overcome this difficulty, an attempt was made to divide linkage disequilibrium between absolute linkage disequilibrium, which is a complete dependence of allele distribution, and linkage equilibrium, which is a complete independence. A matrix description of linkage disequilibrium clearly realized this division.
In the present study, a linkage disequilibrium between two biallelic loci was investigated. The alleles and their relative frequencies were designated as described below: Two alleles of the first locus were A with relative frequency p and a with relative frequency 1À p, and those of the second locus were B with relative frequency q and b with relative frequency 1À q. Four haplotypes are allowed in this case, and the relative frequencies of the four haplotypes AB, Ab, aB, and ab were also designated h AB , h Ab , h aB , and h ab , respectively. To determine the relation between the first and second loci, a matrix to array the relative frequencies of haplotypes with common alleles of the first locus in rows and those of the second locus in columns was constructed, as shown below:
hAB hAb haB hab
In this matrix, the relative frequencies of alleles of the first locus (p, 1À p)
T and those of the second locus (q, 1À q)
T are the horizontal and vertical marginal relative frequencies of haplotypes, respectively. In the matrix constructed as shown above, the linkage disequilibrium between the first locus and the second locus is determined by the linear transformation from the horizontal to the vertical marginal relative frequencies of the haplotypes. Designating h AB / p and h aB /(1À p) as a and b, respectively, a matrix to map the linear transformation from (p, 1À p) T to (q, 1À q) T is as shown below:
As this matrix mapped the linear transformation and thus determines the linkage disequilibrium state, this matrix was named a ''linkage disequilibrium matrix.'' In a linkage disequilibrium matrix, both a = 1 and b = 0 or both a = 0 and b = 1 signify absolute linkage disequilibrium. On the other hand, a = b signifies linkage equilibrium in a linkage disequilibrium matrix. Therefore, the division of the matrix mapping linkage disequilibrium into the matrices meeting both a = 1 and b = 0 or both a = 0 and b =1 or a = b should mean the division of linkage disequilibrium between absolute linkage disequilibrium and linkage equilibrium. In the case of a > b, designating aÀb and b/(1 + b À a) as d and c, respectively, the linkage disequilibrium matrix is developed, as shown below:
On the other hand, in the case of a < b, linkage disequilibrium matrix was developed by designating b À a and a/(1 + a À b) as d and c, respectively, and the absolute linkage disequilibrium matrix with both a = 0 and b = 1.
The equation shown above indicates that linkage disequilibrium is divided between absolute linkage disequilibrium and linkage equilibrium by a ratio of d to 1À d where d has already been used as a measure of linkage disequilibrium (Nei and Li 1980; Kaplan and Weir 1992; Devlin and Risch 1995) . However, it was clear that d signifies the relative content of absolute linkage disequilibrium in linkage disequilibrium in the present study. On the other hand, c determines the state of linkage equilibrium. In linkage equilibrium, h AB : h Ab = h aB : h ab is realized. The c determines the ratio of h AB : h Ab .
A linkage disequilibrium state is determined by the three haplotypes' frequencies of the allowed four haplotypes. Each haplotype's frequency is limited by the other haplotypes' frequencies. In the matrix description of linkage disequilibrium, a linkage disequilibrium state is determined by the three variables, i.e., the allele frequency in the first locus p, the relative content of absolute linkage disequilibrium d, and the linkage equilibrium variable c. Both descriptions of linkage disequilibrium state consist of three variables. There is not a direct dependence between d and c, but there is an indirect relation through a and b. However, d and c directly depend on p. Therefore, d and c depend on the order of loci, i.e., d and c calculated from the second locus is generally different from d and c calculated from the first locus, respectively. This antisymmetry of d is a disadvantage for the measure of linkage disequilibrium. On the other hand,
) is the geometric mean of both orientation's d. Therefore, r does not depend on the order of loci. If the symmetry of orientation of loci is needed, r should be used as the geometric mean of both orientation's relative content of absolute linkage disequilibrium. In the present study, it is shown that (1) linkage disequilibrium is divided between absolute linkage disequilibrium and linkage equilibrium, (2) a linkage disequilibrium state is characterized by the allele frequency in the first locus p, the relative content of absolute linkage disequilibrium d, and the linkage equilibrium variable c, and (3) r is the geometric mean of both orientations' relative contents of absolute linkage disequilibrium d. This interpretation of linkage disequilibrium may make linkage disequilibrium straightforward to understand and to treat mathematically.
